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Coupled Radiation and Conduction in a Scattering
Composite Layer with Coatings
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and

Timothy W. Tong§

Colorado State University, Fort Collins, Colorado 80523-1374

Transient coupled radiation and conduction in a two-layer isotropically scattering semitransparent nongray
medium with thin opaque coatings is studied by the ray tracing method in combination with Hottel and Saro� m’s
zonal method (Hottel, H. C., and Saro� m, A. F., Radiative Transfer, McGraw–Hill, New York, 1967, pp. 265, 266)
and the control-volumemethod. The radiative energy transfer process in a semitransparent medium is divided into
two subprocesses: without considering scattering and considering scattering. The radiative transfer coef� cients
of the composite are deduced under specular and diffuse re� ection, respectively; internal multire� ection, total
re� ection, and refraction are included. The method is extended to gain the radiative transfer coef� cients of an
isotropically scattering composite with combined specular and diffuse re� ection. The radiative heat source term is
calculated from the radiative transfer coef� cients. The steady-state and transient temperature distributions and
heat � uxes in the composite are obtained for the general boundaryconditions of external radiation and convection.
The present analysis includes the in� uences of emissivity, surface radiative properties, and spectral properties on
the temperature distributions and the heat � uxes.

Nomenclature
Ak,Ti = fractional spectral emissive power of

spectral band k at nodal temperature Ti :

D k k

Ib, k (Ti ) d k

1

0

Ib, k (Ti ) d k

AI1 , AI2, . . . = quotient of radiative intensity absorbed
by the control volume 2 j ; Fig. 3

Cb = unit heat capacity of each layer, Jm ¡ 3 K ¡ 1

C21 = dimensionless unit heat capacity, C2 / C1

FT , FA, FJ, FM = functions de� ned for specular or diffuse
re� ection; see Eqs. (8), (A5), and (A6)

H1 , H2 = convection–radiation parameter, h1 / ( r T 3
r )

and h2 / ( r T 3
r ), respectively

h1 , h2 = convective heat transfer coef� cient at
surfaces of S1 and S2 , respectively,
Wm ¡ 2 K ¡ 1

kie, kiw = harmonic mean thermal conductivity at
interfaces, ie and iw, Wm ¡ 1 K ¡ 1

Lb = thickness of each layer in the composite, m
L t = total thickness of composite, L1 + L2 , m
Mb = number of control volumes in each layer
Mt = total number of control volumes

in the composite, M1 + M2

Nb = conduction–radiation parameter,
kb / (4 r T 3

r L t )

Received 31 August 1999; revision received 22 May 2000; accepted for
publication 25 May 2000. Copyright c° 2000 by the American Institute of
Aeronautics and Astronautics, Inc. All rights reserved.

¤ Ph.D. Candidate, School of Energy Science and Engineering, 92 West
Dazhi Street; wwpy@yahoo.com.

†Professor, School of Energy Science and Engineering, 92 West Dazhi
Street.

‡Associate Professor, Schoolof Energy Science and Engineering,92 West
Dazhi Street.

§Professor, Department of Mechanical Engineering. AIAA Associate
Fellow.

NB = total number of spectral bands
nb = refractive index of the bth layer
ni = refractive index of the i th control volume;

when i ·M1 + 1, n1, otherwise, n2
ns , nh = smaller and larger refractive index,

respectively
Pre� = quotient of specular re� ection coef� cients;

Eq. (21)
qr , qcd, qcv = radiative, conductive, and convective heat

� uxes, respectively,Wm ¡ 2

q̃r
S ¡ 1

, q̃r
S+ 1

= dimensionlessexternal radiation � uxes
incident at x =0 and L t ; r T 4

S ¡ 1
/ ( r T 4

r )
and r T 4

S+ 1 / ( r T 4
r ), respectively

q̃ t = dimensionless total heat � ux,
(qcd + qr )/ ( r T 4

r )
SP = internal interface of two layers; Fig. 1
(Sb Sc)k , (SbV j )k , = radiation transfer coef� cients of
(Vi V j )k surface vs surface, surface vs volume, and

volume vs volume in nonscatteringmedia
relative to the spectral band k( D k k )

[Sb Sc]k , [Sb V j ]k , = radiation transfer coef� cients of surface vs
[Vi V j ]k surface, surface vs volume, and volume vs

volume in isotropically scattering media
relative to the spectral band k( D k k )

S1 , S2 = boundary surfaces; Fig. 1
S ¡ 1 , S+ 1 = black surfaces denoting the black

environment;Fig. 1
Tg1 , Tg2 = gas temperatures for convection

at X = 0 and 1, K; Fig. 1
T̃g1 , T̃g2 = dimensionlessgas temperatures, Tg1 / Tr

and Tg2 / Tr , respectively
Ti = absolute temperature of control volume i , K
Tr = reference temperature or uniform initial

temperature,K
TS1 , TS2 = temperatures of the boundary surfaces S1

and S2, respectively,K
T̃S1 , T̃S2 = dimensionless temperatures, TS1 / Tr and

TS2 / Tr , respectively
TS ¡ 1 , TS+ 1 = temperatures of the black environment,K,

Fig. 1
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T I1 , T I2, . . . = fraction of radiative intensity transmitted
through an interface; Fig. 3

t = physical time, s
t ¤ = dimensionless time (4 r T 3

r / C1 L t )t
t ¤
s = steady-state dimensionless time
X = x / L t

x = coordinate in direction perpendicular
to layer interface, m

x1,1 j , . . . = distance of ray transfer between both
subscripts, m; Fig. 1

z = distance of ray transfer, m
a b,k = spectral absorption coef� cient of layer b, m ¡ 1

c bP = transmissivity at internal interface; Fig. 1
D t = time interval, s
D x = spatial interval, m; Fig. 1
d = dimensionless thickness of the � rst layer,

L1 / L t

e gb, e bg = emissivities at boundary surfaces; Fig. 1
g i = 1 ¡ x i ; when i ·M1 + 1, x 1, otherwise, x 2

H = dimensionless temperature, T / Tr

h = angle of re� ection or incidence
j b,k = extinction coef� cients of layer b, m ¡ 1

k = wavelength, l m
l = direction cosine, cos(h )
l 21 = critical direction cosine,p

[1 ¡ (n1 / n2)2](n1 · n2)
q gb, q bg, q bP = re� ectivities at interfaces
q s ! h , q h ! s = re� ectivities, where s ! h is radiation

going from a smaller to a larger refractive
index and h ! s is from a larger to a
smaller refractive index

r = Stefan–Boltzmann constant, Wm ¡ 2 K ¡ 4

r s,k = spectral scattering coef� cient, m ¡ 1

s b,k = spectral optical thickness of layer b
U r

i = radiative heat source of control volume i
x b,k = spectral single-scatteringalbedo

of layer b, r sb,k / ( r sb,k + a b,k)

Subscripts

a = absorbed quotient in the overall attenuated
radiative energy

b = layer index: 1 in � rst layer, 2 in second
layer; or boundary surface index 1 or 2

bg = from layer b to gas
bp = from layer b to interface of two layers
c = surface index, 1, P , or 2
gb = from gas to layer b
h = control volume index; see Appendix
i, j, l = number of nodes
ie, iw = right and left interface of control volume i ;

Fig. 1
k = relative to spectral band k
1i , 2i = i th node in the � rst layer and the second

layer, respectively

Superscripts

d , s = diffuse and specular re� ection, respectively
m, m + 1 = time step
s + d = combined specular and diffuse re� ection

Introduction

W ITHIN a semitransparent medium (STM), such as glass,1,2

ceramics,3 optical � bers,4 etc., the temperature and heat � ux
distributionsare affectedby radiationin additionto heat conduction.
Radiationmay be more importantwhen the STM is at elevated tem-
peratures, in high-temperature surroundings, or subjected to large
incident radiation.

In the past two decades, some researchers have also focused on
the coupled heat transfer in a two-layer or multilayer planar STM
in addition to that in a single layer. For example, Tsai and Nixon5

used the Runge–Kutta method in combination with the � nite dif-
ference method to study transient coupled radiative and conductive
heat transfer in a multilayer semitransparent composite medium
under diffuse re� ection, in which the boundary surfaces were semi-
transparent and scattering and internal re� ection were ignored. A
� nite difference method with a variable grid size was used by
Timoshenkoand Trenev6 to studythe radiativeheat transferin multi-
layerabsorbing–emittingcomposites,where someof the layerswere
not in contactand the surfaceswere diffuse and semitransparent.By
the Galerkin method combined with a � nite difference method, Ho
and Özisik7,8 analyzed the transient coupled radiative and conduc-
tive heat transfer in a two-layer absorbing, isotropically scattering
gray composite medium subjected to external radiation at one of
its boundaries. The external boundary surfaces were diffuse and
opaque. Siegel9 ¡ 11 used the two-� ux method in combination with
Green’s function to study steady-state and transient coupled heat
transfer in single layer and multilayer STM with diffuse and semi-
transparent surfaces. The effects of isotropic scattering, refractive
indexes, and spectral properties were considered. Recently, Siegel
has reviewed the study of this subject in detail.12

In Ref. 13, the transient coupled radiative and conductive heat
transfer in an isotropicallyscatteringnongraysingle-layerSTM was
investigated by the ray tracing method in combination with Hottel
and Saro� m’s zonal method14 and the control-volumemethod. The
radiative properties of various surfaces and thermal boundary con-
ditions are considered.Recently, this method was extended to study
the transientcoupledheat transfer in an isotropicallyscatteringtwo-
layer STM with the semitransparentboundary surfaces.15

The object of this paper is to extend this method to study the tran-
sient coupled radiation and conduction in a two-layer isotropically
scattering STM with the opaque boundary surfaces. With this aim,
the ray tracing method, based on the relations of energy transfer of
Hottel and Saro� m’s zonal method14 is used to derive the radiative
transfer coef� cient (RTC), which is de� ned as the fraction of the
radiative energy absorbed by element j in the transfer process of
the radiative energy emitted by element i , of a two-layer isotrop-
ically scattering nongray STM with thin coatings at the boundary
surfaces. Three re� ective characteristics, specular re� ection, dif-
fuse re� ection, and combined specular and diffuse re� ection, are
considered. The radiative heat source term is calculated using the
RTC and nodal analysis. The transient energy equation is solved by
the control-volume method. Spectral properties are considered us-
ing the multispectral band model. Comparison of the results in this
paper with those of previous work by others shows that the present
method without a discrete solid angle is more accurate.

Physical Model and Governing Equations
Physical Model

The analysis is for an absorbing,emitting, and isotropicallyscat-
teringcompositemedium composedof a two-layerplanarSTM with
different optical and thermal properties in the different layers. As
shown in Fig. 1, the composite medium is between two black sur-
faces (S ¡ 1 and S+ 1 ), which denote the black environment, whose
temperaturesare TS ¡ 1 and TS+ 1 , respectively.Boundarysurfaces S1

and S2 are opaque, and internal interface SP is semitransparent.The
� rst layer is dividedinto M1 controlvolumesalong its thickness,and
the secondlayer into M2 controlvolumes.The i th (or j th)nodein the
� rst layer and the secondlayerare representedby1i (or 1 j ) and 2i (or
2 j ) respectively. Therefore, 1i =1 (or 1 j =1) and 2i = M2 + 1 (or
2 j = M2 + 1) represent boundary surfaces S1 and S2 , respectively.
Let Mt = M1 + M2; then the total number of nodes is Mt + 2. For
convenience,1i (or 1 j ) and 2i (or 2 j ) are shortened to i (or j ) in the
following equations except for the RTC. When i (or j ) · M1 + 1,
i (or j ) represents the i th (or j th) node in the � rst layer and the
subscript in the equation is b =1; otherwise, i (or j ) represents the
(i ¡ M1 ¡ 1)th [or ( j ¡ M1 ¡ 1)th] node in the second layer and
b =2. Considering transient coupled radiation and conduction, be-
tween the time intervals t (=m D t) and t + D t (=[m + 1]D t), the
fully implicit discrete energy equation of control volume i is ob-
tained as15
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Fig. 1 Zonal discretization model of a two-layer planar composite medium.

Cb D x T m + 1
i ¡ T m

i

D t

=
km + 1

ie T m + 1
i + 1 ¡ T m + 1

i + km + 1
iw T m + 1

i ¡ 1 ¡ T m + 1
i

D x
+ U r,m + 1

i

2 ·i · Mt + 1 (1)

Boundary and Initial Conditions

By considering the conditions of coupled surface radiative and
convective heat transfer and opaque boundary surfaces, the follow-
ing boundary conditions are developed.

At surface S1 ,
qr

S1
+ q cd = qr

S1 ! S ¡ 1
+ q cv (2a)

At surface S2 ,
qr

S2
+ q cd = qr

S+ 1 ! S2
+ q cv (2b)

where qr
S1 ! S ¡ 1 and qr

S+ 1 ! S2
are the radiative heat � uxes between

surface S1 and S ¡ 1 and S+ 1 and S2 , respectively.When i = 1 and
i = Mt + 2, the surface radiative heat � uxes qr

S1
and qr

S2
are16

qr
S1

= r

NB

k = 1

n2
2,k[S2 S1]k Ak,TS2

T 4
S2

¡ n2
1,k[S1S2]k Ak,TS1

T 4
S1

+
Mt + 1

j = 2

n2
j,k[V j S1]k Ak,T j T

4
j ¡ n2

1,k[S1V j ]k Ak ,TS1
T 4

S1
(3a)

qr
S2

= r

NB

k = 1

n2
2,k[S2 S1]k Ak,TS2

T 4
S2

¡ n2
1,k[S1S2]k Ak,TS1

T 4
S1

+
Mt + 1

j = 2

n2
2,k[S2V j ]k Ak ,TS2

T 4
S2

¡ n2
j,k[V j S2]k Ak ,T j T

4
j (3b)

The discretized forms of Eqs. (2) can be written as

qr
S1

+ 2k2

T2 ¡ TS1

D x
= r

NB

k = 1

e 1g,k Ak,TS1
T 4

S1
¡ Ak,TS ¡ 1

T 4
S ¡ 1

+ h1 TS1 ¡ Tg1 (x = 0) (4a)

qr
S2

+ 2 kMt + 1

TS2 ¡ TMt + 1

D x
= r

NB

k = 1

e 2g ,k Ak,TS+ 1
T 4

S+ 1

¡ Ak,TS2
T 4

S2
+ h2(Tg2 ¡ TS2 ) (x = L t ) (4b)

In Eqs. (4), if convective heat transfer coef� cients h1 and h2 are
in� nite, the surface temperature is equal to the environment tem-
perature, that is, TS1 = Tg1 and TS2 = Tg2, and Eqs. (4) become � rst
kind boundary conditions. If h1 is � nite but h2 is in� nite, Eqs. (4)
become mixed boundary conditions, that is, a � rst kind boundary
condition at surface S2 and a third kind at surface S1.

The initial condition for the results given here is a uniform tem-
perature distribution,but the method is valid for an arbitrary initial
temperature distribution.

Radiative Heat Source

The key to solving the transient discrete energy equation is
to determine the local radiative heat source term U r

i . For a one-
dimensional problem, the radiative heat source of control volume
i is equal to the difference between the radiative � uxes at its two
interfaces16:

U r
i =qr

ie(T ) ¡ qr
iw (T ) =qr

ie(T ) ¡ qr
( i ¡ 1)e(T ), 2 · i · Mt + 1

(5)

When boundary surfaces S1 and S2 are opaque,qr
ie can be expressed

as

qr
ie = r

NB

k = 1

n2
2,k[S2 S1]k Ak,TS2

T 4
S2

¡ n2
1,k[S1S2]k Ak ,TS1

T 4
S1

+
i

j = 2

n2
2,k[S2V j ]k Ak ,TS2

T 4
S2

¡ n2
j,k[V j S2]k Ak ,T j T

4
j

+
Mt + 1

j = i + 1

i

l = 2

n2
j,k[V j Vl ]k Ak ,T j T

4
j ¡ n2

l ,k[Vl V j ]k Ak ,Tl T
4

l

+
Mt + 1

j = i + 1

n2
j,k[V j S1]k Ak,T j T

4
j ¡ n2

1,k[S1V j ]k Ak ,TS1
T 4

S1
(6)

where when i, j · M1 + 1, ni =n1 , and n j =n1, otherwise n i = n2

and n j =n2 .
From the foregoing deductive process it has been shown that the

dif� culty in solving for the radiative heat source and the radiative
heat � ux density is to calculate the RTCs.

RTC of a Composite Layer with Opaque Boundaries
The RTC of a surface or a control-volume element i vs element

j is de� ned as the quotient of the radiative energy absorbed by
element j in the transfer process of the radiative energy emitted by
element i . For a scattering STM, the transfer process includes 1)
the radiativeenergy directly reachingelement j , 2) the re� ection by
surfaces once or many times, and 3) the scattering by the medium
once or many times.

The transferprocessof radiativeenergycan be dividedinto two sub-
processesaccordingto the transfermechanism in a scatteringSTM.

1) Only the absorption, emission, and re� ection, but not scatter-
ing of the medium are considered. For this condition, the RTC are
represented by (Sb Sc), (SbV j ), and (Vi V j ).

2) Only scattering is consideredaccordingto the scatteringmech-
anism; for isotropic scattering, the radiative intensity scattered by
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element j is distributeduniformly.Such distributionis equivalentto
the spatial distributionof the radiative intensity emitted by element
j . For this condition, the RTC are represented by [Sb Sc], [SbV j ],
and [Vi V j ].

For convenience, subscript k of the variables denoting spectral
properties q , c , e , x , and g is omitted in the following processes in
the text except for special emphasis.

RTC Without Considering Scattering
RTC for Specular Re� ection

In this paper, the energy transfer relationsof Hottel and Saro� m’s
zonal method14 between surfaces and control volumes, between co-
ntrol volumes and control volumes, and the geometric relations in Fig. 1,
as shown in Eqs. (7a–7c), are used to deduce RTC relationships:

(Si V j ) = (Si S j ) ¡ (Si S j + 1) (i < j ) (7a)

(Vi V j ) = (Si + 1 S j ) ¡ (Si S j ) ¡ (Si + 1 S j + 1) + (Si S j + 1)

(i < j ) (7b)

xi, j + 1 = xi, j + D x , xi + 1, j + 1 = xi, j , xi + 1, j = xi, j ¡ D x

(7c)

Under specular re� ection, the incident angle of a ray is equal to
the re� ective angle. Therefore, the expressionfor radiative intensity
attenuation along the path of a ray emitted at an arbitrary angle
can be determined by tracing this ray. Then the RTC considering
multiple re� ection for an absorbing,emittingSTM can be calculated
by integrating over a hemisphere in space.

To form a more concise notation, four functions are de� ned15:

FTb,k (z) = exp
¡ j b,k z

l b

(8a)

F Jb,k = q bP q bg FTb,k(2Lb) (8b)

F Jk =
c 1P c 2P q 1g q 2g FT1,k(2L1)FT2,k (2L2)

(1 ¡ F J1,k )(1 ¡ F J2,k )
(8c)

F Ab,k = 1 ¡ FTb,k ( D x) (8d)

Figure 2 gives the transfer processes of a ray (denotes radiative
intensity) in a single-layer STM, in which process 1 denotes the
transfer process of the ray coming from surface S1 and process 2
denotes the transfer process of the ray coming from surface S2 . The
radiative intensity fraction reaching surface S2 in processes 1 and 2
are shown in Ref. 13. The transferprocessesof the ray in a two-layer
STM with opaque boundary surfaces are given in Fig. 3, in which
the beeline with arrowhead within the same layer is equivalent to
process 1 of Fig. 2, and the broken line with arrowhead within the
same layer is equivalent to process 2 of Fig. 2. The unit radiative
intensity of surface diffuse emission � nally attenuates to zero due
to multiple specular re� ection, transmission, and absorption in a
single layer. In this process, the total radiative intensities reaching
the next surface are17 for process 1 F Tb,k (Lb) / (1 ¡ F Jb,k ) and for
process 2 FTb,k (2Lb) / (1 ¡ F Jb,k ). In the second layer of Fig. 3, the
total radiative intensities reachingcontrol volume 2 j are the beeline
with arrowhead, FT2,k (xP ,2 j ) / (1 ¡ F J2,k), and the broken line with
arrowhead, FT2,k (L2 + x2,2 j + 1 ) / (1 ¡ F J2,k ). Referring to Fig. 2 and
Fig. 3, the process of determining RTC (S1V2 j )

s
k is provided here.

As shownin Fig. 3, the radiativeintensityemitted toward the STM
by surface S1 at a certain angle � nally attenuates to zero due to the
processesoccurringin the � rst layer. In these processes,a part of the

Fig. 2 Radiative intensity propagating in a single-layer STM for spec-
ular re� ection.

Fig. 3 Radiativeintensitypropagatingina two-layerSTMfor specular
re� ection.

intensity, T I1, is transmitted into the second layer through interface
SP ; the rest is absorbedby surface S1, and the � rst layermedium T I1

can be divided into three parts. The � rst part, T I2 , comes back to the
� rst layer through interface SP . The second part, AI1, is absorbed
by control volume 2 j and is called � rst-order absorption:

AI1 = e 1g c 1P
n2

n1

2

£
FT1,k (L1)F A2,k FT2,k xP ,2 j + q 2g FT2,k L2 + x2,2 j + 1

(1 ¡ F J1,k)(1 ¡ F J2,k )
(9a)

The last part is absorbed by surface S2 and the remaining control
volumes of the second layer (except control volume 2 j ).

For T I2, the part denoted by T I3 is transmitted into the second
layer. Just as for T I1, T I3 also can be divided into three parts. Thus,
the part AI2 is absorbed by control volume 2 j and is called second-
order absorption:

AI2 = e 1g c 1P
n2

n1

2

£
FT1,k (L1)FA2,k FT2,k xP ,2 j + q 2g FT2,k L2 + x2,2 j + 1 (FJk)1

(1 ¡ F J1,k)(1 ¡ F J2,k )
(9b)

By analogy, third-order absorption is

AI3 = e 1g c 1P
n2

n1

2

£
FT1,k (L1)FA2,k FT2,k xP ,2 j

+ q 2g FT2,k L2 + x2,2 j + 1 (FJk)2

(1 ¡ F J1,k)(1 ¡ F J2,k )
(9c)

and the (n + 1)th-order absorption is

AIn + 1 = e 1g c 1P
n2

n1

2

£
FT1,k (L1)FA2,k FT2,k xP, 2 j + q 2g FT2,k L2 + x2,2 j + 1 (F Jk)n

(1 ¡ F J1,k )(1 ¡ F J2,k )
(9d)

Accordingto the precedinganalysis,in the entire transferprocess,
in which the radiative intensity emitted by S1 and comes into the
composite medium, then is attenuated to zero. The total radiative
intensity absorbed by control volume 2 j is the sum of the geomet-
ric progression represented by Eqs. (9). Then RTC (S1V2 j )

s
k can be

calculated by integrating the total radiative intensity over a hemi-
sphere:

S1V2 j

s

k
= 2

1

l 21

[AI1 + AI2 + AI3 + ¢ ¢ ¢ ] l 2 d l 2

= 2e 1g c 1P
n2

n1

2

£
1

l 21

FT1,k (L1)FA2,k FT2,k xP,2 j
+ q 2g FT2,k L2 + x2,2 j + 1

(1 ¡ F J1,k)(1 ¡ F J2,k)(1 ¡ F Jk)

£ l 2 d l 2 (10)
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For specular re� ection, the RTCs of the composite with coatings
have the following reciprocal relationships:

n2
1 c 2P (S1S2)s

k = n2
2 c 1P (S2S1)s

k , SbVb j

s

k
= Vb j Sb

s

k

n2
1 c 2P S1V2 j

s

k
= n2

2 c 1P V2 j S1
s

k

n2
1 c 2P V1i V2 j

s

k
= n2

2 c 1P V2 j V1i

s

k

n2
2 c 1P S2V1 j

s

k
= n2

1 c 2P V1 j S2
s

k
, Vbi Vb j

s

k
= Vb j Vbi

s

k

(11)

Thus, one of each pair of the RTCs except for (S1V2 j )
s
k is given by

Eqs. (12–18):

(S1 S2)
s
k = 2e 1g e 2g

n2

n1

2 1

l 21

c 1P FT1,k (L1)FT2,k (L2)

(1 ¡ F J1,k )(1 ¡ F J2,k )(1 ¡ F Jk )
l 2 d l 2 (12)

S1V1 j

s

k
= 2e 1g

1

0

F A1,k

FT1,k x1,1 j
+ q 1P FT1,k L1 + xP ,1 j + 1

(1 ¡ F J1,k)

+
c 1P c 2P q 2g FT1,k (L1)FT2,k (2L2) FT1,k xP, 1 j + 1 + q 1g FT1,k L1 + x1,1 j

(1 ¡ F J1,k)2(1 ¡ F J2,k )(1 ¡ F Jk )
l 1 dl 1 (13)

S2V2 j

s

k
= 2e 2g

1

0

F A2,k

FT2,k x2,2 j + 1
+ q 2P FT2,k L2 + xP, 2 j

(1 ¡ F J2,k)
l 2 d l 2

+
c 1P c 2P q 1g FT2,k (L2)FT1,k (2L1) FT2,k xP, 2 j + q 2g FT2,k L2 + x2,2 j + 1

(1 ¡ F J1,k)(1 ¡ F J2,k )2(1 ¡ F Jk )
l 2 dl 2 (14)

S2V1 j

s

k
= 2e 2g

n1

n2

2 1

0

F A1,k

c 2P FT2,k (L2) FT1,k xP ,1 j + 1
+ q 1g FT1,k L1 + x1,1 j

(1 ¡ F J1,k)(1 ¡ F J2,k)(1 ¡ F Jk)
l 1 dl 1 (15)

V1i V1 j

s

k
= R1,k + 2

1

0

F A2
1,k

(1 ¡ F J1,k )
q 1g FT1,k x1i ,1 + x1,1 j + q 1g q 1P FT1,k x1i , 1 + L1 + xP, 1 j + 1

+ q 1P FT1,k x1i + 1 , P + xP ,1 j + 1
+ q 1g q 1P FT1,k x1i + 1 , P + L1 + x1,1 j

(16)

+
q 1g FT1,k x1i , 1 + L1 + FT1,k x1i + 1 , P FT1,k xP ,1 j + 1 + q 1g FT1,k L1 + x1,1 j

(1 ¡ F J1,k )(1 ¡ F J2,k )(1 ¡ F Jk ) /[ q 2g c 1P c 2P FT2,k(2L2)]
l 1 d l 1

V2i V2 j

s

k
= R2,k + 2

1

0

F A2
2,k

(1 ¡ F J2,k )
q 2P FT2,k x2i , P + xP, 2 j

+ q 2g q 2P FT2,k x2i + 1 ,2 + L2 + xP ,2 j

+ q 2g q 2P FT2,k x2i , P + L2 + x2,2 j + 1
+ q 2g FT1,k x2i + 1 , 2 + x2,2 j + 1

+
FT2,k x2i , P + q 2g FT2,k x2i + 1 ,2 + L2 FT2,k xP ,2 j + q 2g F J2,k L2 + x2,2 j + 1

(1 ¡ F J1,k)(1 ¡ F J2,k)(1 ¡ F Jk) / [q 1g c 2P c 1P FT1,k (2L1)]
l 2 d l 2 (17)

V1i V2 j

s

k
= 2

1

l 21

q 1g FT1,k x1i ,1 + L1 + FT1,k x1i + 1 , P FT2,k xP ,2 j + q 2g FT2,k L2 + x2,2 j +1

n2
1(1 ¡ F J1,k)(1 ¡ F J2,k )(1 ¡ F Jk) n2

2 c 1P F A1,k F A2,k

l 2 d l 2 (18)

The RTCs of the opaque surfaces, S1 and S2 , have no reciprocal
relationship and are given next using the form (Sb Sb)s

k

(Sb Sb)s
k = 2e 2

bg

1

0

q b P F Tb,k (2Lb)
(1 ¡ F Jb,k )

+
c bP q cg c cP FTb,k(2Lb)F Jc,k(2L c)

(1 ¡ F Jb,k )2(1 ¡ F Jc,k )(1 ¡ F Jk)
l b dl b (19)

where if b = 1 then c =2, otherwise c = 1; Rb,k =4 j b,k D x ¡ 2[1 ¡
2E3( j b,k D x)](i = j );

Rb,k = 2
1

0

F A2
b,k FTb,k xbi ,b j l b d l b (i 6= j )
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A limiting condition,n1 ·n2 , is implied in the precedingequations.
Thus, the following limiting conditions must be met: if l 2 · l 21,
then q 2P =1.

RTC for Diffuse Re� ection

When the RTC is deduced by the ray tracing method for specular
re� ection, the radiative intensity is determined. For diffuse re� ec-
tion, the radiative energy is determined, but the tracing process is
the same as that for specular re� ection, and so it is omitted here.
The RTC equations and the reciprocity relationships for diffuse re-
� ection are provided in the Appendix.

RTC for Combined Specular and Diffuse Re� ection

In this paper, the RTC equations for combined specular and dif-
fuse re� ection are obtained by a linear sum of the RTC equations
for specular re� ection and that for diffuse re� ection:

(Sb Sc)
s + d
k = Pre� £ (Sb Sc)

s
k + (1 ¡ Pre� ) £ (Sb Sc)

d
k

(Sb , Sc = S1, S2) (20a)

(SbV j )
s + d
k = Pre� £ (SbV j )

s
k + (1 ¡ Pre� ) £ (SbV j )

d
k

(Sb = S1, S2) (20b)

(Vi Sc)
s + d
k = Pre� £ (Vi Sc)

s
k + (1 ¡ Pre� ) £ (Vi Sc)

d
k

(Sc = S1 , S2) (20c)

(Vi V j )
s + d
k = Pre� £ (Vi V j )

s
k + (1 ¡ Pre� ) £ (Vi V j )

d
k (20d)

where Pre� is the quotient of specular re� ection coef� cients:

Pre� =
q s

1 + q s
2

q s
1 + q d

1 + q s
2 + q d

2

(21)

Determination of Re� ectivity

Re� ectivity q of a semitransparent surface can be obtained from
Fresnel’s equations (see Ref. 18). When radiation passes into a ma-
terial of larger refractive index, re� ectivity q s ! h is

q s ! h =
p / 2

0

nh cos( } ) ¡ ns cos(h )
nh cos( } ) + ns cos(h )

2

+
ns cos( } ) ¡ nh cos(h )
ns cos( } ) + nh cos(h )

2

sin(h ) cos(h ) dh (22a)

where h is the incidence angle, } is the refractive angle, and
} = arcsin[ns sin(h ) / nh ].

When radiationgoesfroma larger to a smallern value, re� ectivity
q h ! s is given by Ref. 19,

q h ! s = 1 ¡ (ns / nh )2 + q s ! h ¢ (ns / nh )2 (22b)

where 1 ¡ (ns / nh )2 is caused by total re� ection. For the specular
surface, the effect of total re� ection is considered in the RTCs.
Therefore, q s

h ! s becomes

q s
h ! s = q s

s ! h ¢ (ns / nh )2 (22c)

For the diffuse surface, although the interfaces are not optically
smooth, it is assumed that each bit of roughness acts as a smooth
facet18 and total re� ection is considered in the re� ectivity so that
the re� ectivity can be directly obtained from Eqs. (22a) and (22b).

RTC Considering Isotropic Scattering

When the effect of scattering is considered,the fractionsof radia-
tive energy representedby RTCs (Sb Sc), (SbV j ), and (Vi V j ) will be
redistributed.For convenience,subscriptk and superscriptss, d and
s + d are omitted in the following equations.Omission is necessary
because, when isotropic scattering is considered, the derivational
process and the � nal form of the RTC equation are the same re-
gardless of whether the medium is spectral or gray and whether

there is specular, diffuse, or combined specular and diffuse re� ec-
tion. The RTC equation for a single-layer absorbing, emitting and
isotropically scattering STM is given in Ref. 13.

Taking [Vi V j ] as an example, the derivationof the RTC equation,
consideringisotropic scattering, is given here.After � rst-order scat-
tering, for the fraction of energy transfer denoted by RTC (Vi V j ),
only g j is absorbed; that is,

[Vi V j ]1st
a = (Vi V j ) g j (23a)

After second-order scattering,

[Vi V j ]2nd
a = [Vi V j ]1st

a +
Mt + 1

l2 = 2

Vi Vl2 x l2 Vl2 V j g j (23b)

After third-order scattering,

[Vi V j]3rd
a = [Vi V j]2nd

a +
Mt + 1

l2 = 2

Vi Vl2 x l2

Mt + 1

l3 = 2

Vl2 Vl3 x l3 Vl3 V j g j

(23c)
and so on. After the (n + 1)th-order scattering, each RTC is given
by

[Vi V j ](n + 1)
a = [Vi V j ]n

a +
Mt + 1

l2 = 2

Vi Vl2 x l2

£
Mt + 1

l3 = 2

Vl2 Vl3 x l3

Mt + 1

l4 = 2

Vl3 Vl4 x l4

£ ¢ ¢ ¢ £
Mt + 1

ln + 1 = 2

Vln Vln + 1 x ln + 1 Vln + 1 V j g j (24a)

[Vi Sc](n + 1)
a = [Vi Sc]n

a +
Mt + 1

l2 = 2

Vi Vl2 x l2

£
Mt + 1

l3 = 2

Vl2 Vl3 x l3

Mt + 1

l4 = 2

Vl3 Vl4 x l4

£ ¢ ¢ ¢ £
Mt + 1

ln + 1 = 2

Vln Vln + 1 x ln + 1 Vln + 1 Sc (24b)

[SbV j ](n + 1)
a = [SbV j ]n

a +
Mt + 1

l2 = 2

SbVl2 x l2

£
Mt + 1

l3 = 2

Vl2 Vl3 x l3

Mt + 1

l4 = 2

Vl3 Vl4 x l4

£ ¢ ¢ ¢ £
Mt + 1

ln + 1 = 2

Vln Vln + 1 x ln + 1 Vln + 1 V j g j (24c)

[Sb Sc](n + 1)
a = [SbSc]n

a +
Mt + 1

l2 = 2

Sb Vl2 x l2

£
Mt + 1

l3 = 2

Vl2 Vl3 x l3

Mt + 1

l4 = 2

Vl3 Vl4 x l4

£ ¢ ¢ ¢ £
Mt + 1

ln + 1 = 2

Vln Vln + 1 x ln + 1 Vln + 1 Sc (24d)

Energy Equilibrium

In the preceding derivation, a basic condition was assumed that
the fractions of energy absorbed and scattered must sum to unity.13
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Because of the integral relationshipsof the RTC for a nonscattering
STM,

Mt + 1

j = 1

(Vi V j)k + (Vi S1)k + (Vi S2)k = 4 j k Vi (Vi = D x £ 1 £ 1)

(25a)

(Sb S1)k + (Sb S2)k +
Mt + 1

j = 2

(SbV j)k = e bg ,k (b = 1 or 2) (25b)

When calculating the RTC in isotropically scattering media, the
RTC for nonscatteringmedia must be normalized � rst:

(Vi V j ) ¤
k = (Vi V j )k / (4 j k Vi ), (Vi Sc)

¤
k = (Vi Sc)k / (4j k Vi )

(SbV j ) ¤
k = (SbV j )k / e bg,k , (Sb Sc)

¤
k = (Sb Sc)k / e bg ,k (26)

where superscript ¤ denotes the normalizedvalue. The inverseoper-
ation is performed after the calculation of the (n + 1)th-order scat-
tering and absorption. Finally, the RTC for isotropic scattering is
obtained:

[Vi V j ]k = [Vi V j ]
(n + 1)
a,k g i , [Vi Sc]k = [Vi Sc]

(n + 1)
a ,k g i

[SbV j ]k = [SbV j ]
(n + 1)
a ,k , [Sb Sc]k = [Sb Sc]

(n + 1)
a ,k (27)

Results and Analysis
Veri� cation of the Computational Method
Comparison of Present Results with Those of Reference 8

To validate the present solution partially, under the assumption
that the boundary surfacesof the compositemedium are assumed to
be covered by thin opaque coatings, the steady-state dimensionless
temperaturesand heat � uxes here are comparedwith those in Ref. 8.
The input parametersare 1) both of the boundarysurfaces are black,
e 1g = e 2g =1; 2) theboundaryconditionsare � rst kind, T̃S1 = 0.5 and

Table 1 Comparison of the results in this paper with those in Ref. 8 (N1 = N2 = N)

H , Ref. 8 H , this paper q̃ t
8

s 1 s 2 x 1 x 2 0.25X 0.5X 0.75X 0.25X 0.5X 0.75X Ref. 8 This paper

N = 1.0
2.4 0.6 0 0 0.6402 0.7693 0.8849 0.64030 0.76938 0.88503 0.5947 0.59469
2.4 0.6 0 0.95 0.6393 0.7672 0.8836 0.63939 0.76741 0.88372 0.5910 0.59104
2.4 0.6 0.95 0 0.6321 0.7613 0.8828 0.63215 0.76146 0.88282 0.5821 0.58206
0.6 2.4 0 0 0.6278 0.7519 0.8758 0.62780 0.75186 0.87574 0.5749 0.57491
0.6 2.4 0 0.95 0.6276 0.7517 0.8757 0.62758 0.75170 0.87568 0.5722 0.57221
0.6 2.4 0.95 0 0.6261 0.7518 0.8762 0.62608 0.75181 0.87617 0.5722 0.57225

N = 0.01
2.4 0.6 0 0 0.8023 0.9097 0.9409 0.80241 0.90983 0.94084 0.0813 0.08125
2.4 0.6 0 0.95 0.8006 0.9065 0.9469 0.80069 0.90669 0.94705 0.0805 0.08051
2.4 0.6 0.95 0 0.7693 0.9029 0.9427 0.76938 0.90301 0.94265 0.0787 0.07872
0.6 2.4 0 0 0.6957 0.7650 0.8790 0.69546 0.76493 0.87868 0.0786 0.07858
0.6 2.4 0 0.95 0.6937 0.7679 0.8763 0.69364 0.76786 0.87625 0.0774 0.07739
0.6 2.4 0.95 0 0.6489 0.7664 0.8815 0.64875 0.76637 0.88132 0.0772 0.07718

Table 2 Comparison of the dimensionless heat � uxes for slabs

Property Source s 0 = 0.01 s 0 = 0.1 s 0 = 0.5 s 0 = 1 s 0 = 2 s 0 = 5

q d
1 = 0, q S

1 + e 1 = 1.0, q d
2 = 0.2, q S

2 = 0, e 2 = 0.8
e 1 = 0.2 Ref. 20 0.44559 0.43851 0.41229 0.38554 0.34261 0.25772
Pre� = 0.8 This paper 0.445588 0.438534 0.412361 0.385597 0.342634 0.257729
e 1 = 0.7 Ref. 20 0.39661 0.37798 0.31827 0.26854 0.20591 0.12165
Pre� = 0.6 This paper 0.396609 0.377999 0.318315 0.268569 0.205915 0.121657

q d
1 = 0.2, q S

1 = 0, e 1 = 0.8, q d
2 = 0, q S

2 + e 2 = 1.0
e 2 = 0.2 Ref. 20 0.11140 0.10963 0.10307 0.09639 0.08565 0.06443
Pre� = 0.8 This paper 0.111397 0.109634 0.103090 0.096399 0.085658 0.064432
e 2 = 0.7 Ref. 20 0.34703 0.33073 0.27848 0.23497 0.18017 0.10645
Pre� = 0.6 This paper 0.347033 0.330749 0.278525 0.234998 0.180175 0.106450

T̃S2 = 1.0; and 3) the re� ection is ignored at the internal interface;
that is, both layers have the same refractive index, n1 = n2 =1. Di-
mensionless heat � ux, q̃ t

8 =q t / (4n2 r T 4
r ), is de� ned by Ref. 8. The

results are shown in Table 1. Whether conduction(N = 1.0) or radi-
ation (N =0.01) is dominant, the steady-state temperature and net
heat � uxusingthe presentmethodare in goodagreementwith the re-
sults of Ho and Özisik.8 The maximum relative error of temperature
is 0.027% and that of net heat � ux is 0.061%.

Comparison of Present Results with Those of Reference 20

Machali and Madkour20 studied radiative heat transfer for com-
bined specular and diffuse re� ection in an absorbing and isotropi-
cally scattering gray slab. The present method is veri� ed by taking
advantage of the case of an isotropically scattering medium (see
Table 1 in Ref. 20) with two opaque gray boundaries, in which con-
duction is neglected. Therefore, k1 = k2 =1 £ 10 ¡ 12 in this paper.
Both boundaries are opaque gray surfaces, and boundary tempera-
tures are speci� ed TS1 =2TS2 . The refractiveindexand the scattering
albedo are takenas n1 =n2 =1 and x 1 = x 2 =1. The dimensionless
radiative heat � ux is de� ned as follows by Ref. 20:

q̃r
20 = j qr j 2e 1g r T r

S1
(28)

From Table2, themaximumrelativeerrorof the resultsis 0.015%.

Effect of Emissivities of Opaque Surfaces

For specular re� ection, Fig. 4 provides the effect of the emis-
sivity of the external surface at X = 0 on steady-state temper-
ature distribution in a gray composite medium for the case
e 1g = e 2g = e g2 =1, s 1 =1, s 2 =2, x 1 = x 2 =0.5, q̃r

S ¡ 1
=5.0625,

q̃r
S+ 1

=1.0, N1 = N2 =0.1, H1 = H2 =0, d =0.5, C21 = 1. Here, e g1

is changed from 0 to 0.2 to 1. Each e g1 correspondsto two groups of
refractive indexes,n1 = n2 =1.5 (solid lines) and n1 =1.5, n2 = 3.0
(dotted lines). As shown in Fig. 4, with the decrease of e g1, the
temperatures decrease because the energy entering the composite
medium from surface S1 is reduced. When e g1 =0, that is, surface
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Fig. 4 Effect of outer surface emissivity "g1 on temperature distribu-
tion.

Fig. 5 Effect of inner surface emissivity "1g on temperature distribu-
tion.

S1 is adiabatic, the temperature distributions become a horizontal
line (initial temperature distribution), regardless of whether the re-
fractive indexes of the two layers are the same. When the refractive
indexof the secondlayer is changedfrom 1.5 to 3.0, the temperature
gradient in the second layer is decreased.

Figure 5 shows the effect of inner surface emissivity e 1g , at X = 0
for specular re� ection on the temperature distributions when the
parameters are the same as those in Fig. 4, with the exception that
e 1g =0 and 1 and e g1 =1. As shown in Fig. 5, with an increase
in e 1g , the temperatures within the media rise because the energy
emittedby surface S1 increasesand the temperaturesnear surface S1

somewhat decrease. Compared with Fig. 4, it is seen that the effect
of e g1 on temperature distribution is greater than that of e 1g .

Effect of Surface Radiative Properties

When all surfaces of the composite are semitransparent (with-
out coatings), Fig. 6a shows the steady-state temperature distri-
butions for three kinds of re� ective characteristics: specular re-
� ection, diffuse re� ection, and combined specular and diffuse re-
� ection. Under specular and diffuse re� ection, the RTC results
for composite media without coatings are provided in Ref. 15,
and the RTC results for combined specular and diffuse re� ection
are calculated using the method in this paper. The input param-
eters are taken as n1 =1.5, n2 =3.0, s 1 = s 2 = 0.1, x 1 = x 2 = 0,
q̃r

S ¡ 1 =5.0625, q̃r
S+ 1 = 0.0625, T̃g1 = T̃g2 = 1.0, N1 = N2 =0.025,

H1 = H2 = 5, d = 0.5, and C21 =1. The re� ectivities of the semi-
transparent interfaces are obtained from Fresnel’s equations (see
Ref. 18): q g1 =0.0918, q 1g =0.5964, q 1P =0.1606, q 2P = 0.7902,
q 2g = 0.9196, and q g2 = 0.2762. For specular re� ection, the RTC
derived in Ref. 15 considered the effect of total re� ection; there-
fore, the re� ectivities can be obtained from Eqs. (22a) and (22c),
that is, q g1 =0.0918, q 1g =0.0408, q 1P =0.1606, q 2P = 0.0401,
q 2g = 0.0307, and q g2 =0.2762. For combined specular and dif-

a) Semitransparent boundary surfaces, without considering scattering

b) Semitransparent boundary surfaces, considering scattering

c) Opaque boundary surfaces, without considering scattering

Fig. 6 Effect of surface radiative properties on temperature distribu-
tion.

fuse re� ection, let Pre� = 0.6 (dot–dash lines) and 0.8 (double dot–
dash lines). Figure 6b provides the temperature distributions when
the parameters are the same as those of Fig. 6a with the exception
that x 1 = x 2 =0.9. It is shown the temperature in the � rst layer de-
creases, and the peak value temperature moves to near the interface
with an increase in the scattering albedo.

When the external boundaries S1 and S2 have a thin opaque coat-
ing, for convenience of comparison, the emissivities of the opaque
surfaces can be obtained from the re� ectivities of the semitranspar-
ent surfaces, that is, e g1 = 1 ¡ q g1, e 1g = 1 ¡ q 1g , e g2 = 1 ¡ q g2 , and
e 2g =1 ¡ q 2g . The internal interface SP is still semitransparent.The
other parameters are the same as those of Fig. 6a. The results are
shown in Fig. 6c.

As shown in Fig. 6a and6c,when theboundariesare semitranspar-
ent, temperaturepeaks appear within the composite medium. When
the boundaries are opaque, the temperature peaks can only appear
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Table 3 Dimensionless heat � ux Äqt for Figs. 6a and 6c

Combined

Boundary surface Specular Diffuse Pre� = 0.6 Pre� = 0.8

Semitransparent 3.42854 2.08666 2.91360 3.17754
Opaque 1.22241 1.38279 1.28959 1.25655

Table 4 Spectral band model for the composite medium

k k , l m j 1,k , m ¡ 1 j 2,k , m ¡ 1 x 1,k x 2,k

1 0–2 2.0 5.0 0.0 0.0
2 2–5 0.1 0.5 0.0 0.0
3 5–8 Opaque

Fig. 7 Effect of spectral properties on transient temperature distribu-
tion.

at the heated surface because the radiative energy cannot transfer
inside of the medium directly, but can only heat the surface; then
energy is transferred inside from the heated surface. The diffuse
emission of the opaque surfaces to some extent compensates for the
effect of re� ective characteristics on the temperature distributions.
Thus when the boundarysurfacesare opaque, the temperature � elds
for the three kinds of re� ective characteristicsare very close. When
the boundary surfaces are semitransparent, the effects of the re� ec-
tive characteristics are more obvious for cases where the optical
thickness is smaller and without scattering.

From Figs. 6a–6c, we can see that the temperature� elds for com-
bined specular and diffuse re� ection fall between those for specular
and diffuse re� ection. In addition, for all re� ective characteristics,
the temperature distribution trends are the same when the other
parameters are the same. The heat � uxes, when the boundary sur-
faces are semitransparent, are about double those occurring when
the boundary surfaces are opaque. When the boundary surfaces are
semitransparent,with a increase in Pre� the dimensionlesstotal heat
� uxes increase; the trend is inverse when the boundary surfaces are
opaque (Table 3).

Effect of Spectral Properties

All of the preceding results are for a gray medium. Now, to il-
lustrate the effect of spectral propertieson the transient temperature
distributionsin a compositemediumwith coatings, the resultsunder
the following three conditions are given in Fig. 7: 1) nongray body,
both layers use the same spectral band model (see Table 4); 2) gray
body 1, the scattering albedo is kept constant, and the extinctionco-
ef� cients are j 1,k =2.0 and j 2,k = 5.0 and x 1,k = x 2,k =0; 3) gray
body 2, the scattering albedo is kept constant, the extinction coef-
� cients are j 1,k = 0.1 and j 2,k =0.5, and x 1,k = x 2,k =0. The other
parameters are taken as e g1 = 0.5, e 1g = e 2g = e g2 = 1.0, n1 = 1.5,
n2 = 3.0, H1 =0, H2 = 4, N1 = N2 = 0.5, q̃r

S ¡ 1 =8.0, q̃r
S+ 1 = 1.0,

T̃g1 = T̃g2 = 1.0, L1 = L2 =1.0 m, and C21 = 1. As shown in Fig. 7,
1) the transient temperature � elds of the nongray body are between
those of both gray bodies and 2) because radiation can provide
energy within a material more quickly than diffusion by heat con-

duction, and the refractive index of the second layer is larger than
that of the � rst layer, the temperature gradient within the � rst layer
for smaller dimensionless time t ¤ is larger than that for larger t ¤ .
This trend is inverted in the second layer.

Conclusions
A method is developed for studying the transient coupled ra-

diation and conduction in a one-dimensional planar semitranspar-
ent nongray composite medium. Under specular or diffuse re� ec-
tion, the radiative transfer coef� cients for a two-layer absorbing
and isotropically scattering composite medium with thin opaque
coatings are deduced using the ray tracing method and Hottel and
Saro� m’s zonal method.14 The present method integrates the solid
angle directly. The radiation transfer process can be divided into
two subprocesses according to the transfer mechanism of radiative
energy in the scattering STM. Thereby, the dif� culties of calculat-
ing the radiative heat source are reduced. The present method is
extended to obtain the RTC values for an isotropically scattering
composite for combined specular and diffuse re� ection. The radia-
tive heat source term is obtained from the RTC in combinationwith
the nodal analysis, and the transient energy equation is solved by
the control-volumemethod.

Under theconditionsof blackboundariesandgraymedia, the tem-
peraturesand the heat � uxes in the compositemedium are compared
with those of Ref. 8. The maximum relative error of temperature is
0.027% and that of net heat � ux is 0.061%. For combined specular
and diffuse re� ection, the heat � uxes in the single layer are com-
pared with those of Ref. 20. The maximum relative error is 0.015%.
On this basis, the effects of emissivity, surface radiative properties,
and spectral properties of media on the temperature distributions
and the heat � uxes are considered. The following conclusions are
drawn.

1) The emissivities of the opaque surfaces have great effect on
the temperature � elds. In addition, the effect of the outer surface
emissivityat X = 0 is greaterthan thatof the innersurfaceemissivity
at X = 0.

2) For cases wherein external heat radiation is incident from one
or both sides, temperature peaks may appear within the STM when
the boundary surfaces are semitransparent and only at the heated
surface when the boundary surfaces are opaque.

3) The temperatures for combined specular and diffuse re� ection
fall between those for specular and diffuse re� ection individually,
but the distribution trends are the same.

Appendix: Expressions and Reciprocity Relationships
of the RTC Equations for Diffuse Re� ection

RTC for an Absorbing, Emitting Composite Medium
Direct RTC

For diffuse re� ection, two rays with different launching angles
can be mixed. Therefore in this paper, the RTC for diffuse re� ection
are obtained with tracing the radiative energy using direct radiative
transfer coef� cient (DRTC). The DRTCs are given as

(sbsP )k = 2
1

0

exp
¡ j b,k Lb

l
l d l (A1)

scvb j k
= 2

1

0

exp
¡ j b,k xc,bh

l

¡ exp ¡ j b,k

xc,bh + D x

l
l dl (A2)

vbi vb j k
= 2

1

0

exp
¡ j b,k xbi + 1 ,b j

l
¡ 2 exp

¡ j b,k xbi ,b j

l

+ exp
¡ j b,k xbi ,b j + 1

l
l dl (i 6= j ) (A3)
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vbi vb j k
= 4j b,k D x ¡ 2[1 ¡ 2E3( j b,k D x)] (i = j ) (A4)

where b = 1, 2 and c =1, P, 2; when b = 1, c = P and b =2, c = 2,
then h = j + 1, otherwise, h = j .

For convenience, two functions are de� ned:

F Mb,k = q bP q bg(sbsP )2
k (A5)

F Mk =
c 1P c 2P q 1g q 2g (s1sP )2

k (s2sP )2
k

(1 ¡ F M1,k )(1 ¡ F M2,k)
(A6)

RTC Equations

The RTC equationsare obtainedwith tracing the radiativeenergy
using DRTC:

(S1 S2)
d
k =

e 1g c 1P e 2g (s1sP )k(s2sP )k

(1 ¡ F M1,k )(1 ¡ F M2,k)(1 ¡ F Mk )
(A7)

(Sb Sb)d
k =

e 2
bg q bP (sbsP )2

k

1 ¡ F Mb,k

+
e 2

bg c bP q cg c cP (scsP )2
k(sbsP )2

k

(1 ¡ F Mb,k)2(1 ¡ F Mc,k )(1 ¡ F Mk )
(A8)

SbVb j

d

k
=

sbvb j k
+ q b P (sbsP )k sP vb j k

F Mb,k / e bg

+
(sbsP )k(scsP )2

k sP vb j k
+ (sbsP )k q bg sbvb j k

(1 ¡ F Mb,k )2(1 ¡ F Mc,k )(1 ¡ F Mk) / [e bg c bP q cg c cP ]
(A9)

SbVc j

d

k
=

e bg c bP (sbsP )k sP vc j k
+ (sP sc)k q cg scvc j k

(1 ¡ F M1,k )(1 ¡ F M2,k )(1 ¡ F Mk )
(A10)

Vbi Vb j

d

k
= vbi vb j k

+
sbvbi k

q bg sbvb j k
+ (sbsP )k q bP sP vb j k

(1 ¡ F Mb,k)
+

sP vbi k
q bP[ sP vb j k

+ (sbsP )k q bg sbvb j k

(1 ¡ F Mb,k)

+
sbvbi k

q bg(sbsP )k c bP + sP vbi k
c bP q cg c cP (scsP )2

k sP vb j k
+ (sbsP )k q bg sbvb j k

(1 ¡ F Mb,k )2(1 ¡ F Mc,k)(1 ¡ F Mk )
(A11)

V1i V2 j

d

k
=

s1v1i k
q 1g(s1sP )k c 1P + sP v1i k

c 1P sP v2 j k
+ (s2sP )k q 2g s2v2 j k

(1 ¡ F M1,k)(1 ¡ F M2,k )(1 ¡ F Mk)
(A12)

In these equations,when b =1, then c =2 and for b = 2, then c = 1.

Reciprocity Relationships of RTC Equations

For diffuse re� ection, the total re� ection is considered in the
re� ectivity and transmissivity, and so the transmissivity and re� ec-
tivity of different sides of an interface are different. The reciprocity
relationshipsof RTC equations are given by

(S1 S2)d
k c 2P = (S1 S2)d

k c 1P , SbVb j

d

k
= Vb j Sb

d

k

SbVc j

d

k
c cP = Vc j Sb

d

k
c bP , V1i V2 j

d

k
c 2P = V2 j V1i

d

k
c 1P

Vbi Vb j

d

k
= Vb j Vbi

d

k
(A13)

where when b =1, then c =2 and when b = 2, then c = 1.
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